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Let Pr denote an almost-prime with at most r prime factors,
counted according to multiplicity. In this paper it is proved that
any suﬃciently large integer N satisfying the congruence condition
N ≡ 13 (mod 240) can be represented as the sum of twelve fourth
powers of primes and the fourth power of one P5. This result con-
stitutes an improvement upon that of Ren and Tsang.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The Waring–Goldbach problem means that for every integer k  1, there exists a positive integer
s(k), as small as possible, such that every suﬃciently large natural number n satisfying some congru-
ence conditions can be represented as the sum of s(k) powers of primes. The ﬁrst result in this aspect
is due to Hua [6], who showed that
s(k)
{
2k + 1, if 1 k 10,
2k2(2 logk + log logk + 2.5), if k 10.
The best expected value for s(k) is k+1, but it is probably far beyond the grasp of modern number
theory techniques.
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is solvable in primes p j , and an asymptotic formula for the number of solutions is provided. The
congruence condition is necessary here, since for any p > 5 we have p4 ≡ 1 (mod 240).





is solvable for all suﬃciently large natural numbers n ≡ r (mod 16), 1 r  13. Furthermore, Vaughan





is solvable for all suﬃciently large natural numbers n ≡ r (mod 16), 1 r  12.





is solvable for all suﬃciently large natural numbers n ≡ r (mod 16), where 1 r  10.





is solvable in integer m and primes p j , for all suﬃciently large natural numbers n ≡ r (mod 240),
where r ∈ {12,13,28,93,108,157,172,237}.
Let Pr denote an almost-prime with at most r prime factors, counted according to multiplicity.
Then in [1,2,14] problems of Waring–Goldbach’s type involving primes and almost-primes were in-
vestigated.
Motivated by [1,2,14], in this paper we shall obtain the following result.
Theorem. For all suﬃciently large natural numbers N ≡ 13 (mod 240), the equation




is solvable with x an almost-prime P5 and the y j ’s primes.
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In this paper, N always denotes a suﬃciently large integer which is ≡ 13 (mod 240). Let
ε ∈ (0,10−10). The constants in O -term and -symbol depend at most on ε. By A  B we mean
that A  B and A  B . The letter p, with or without subscript, is reserved for a prime number. As
usual, ϕ(n) denotes Euler’s function. By τ (n) we denote the number of divisors of the integer n. By
a(n) we denote an arithmetical function bounded above by τ (n). We use e(α) to denote e2π iα and
eq(α) = e(α/q). We denote by ∑x(q) and ∑x(q)∗ the sums with x running over a complete system
and a reduced system of residues modulo q respectively. We always denote by χ a Dirichlet character
(mod q), and by χ0 the principal Dirichlet character (mod q). By
∑
χ(q) we denote a sum with χ
running over the Dirichlet characters (mod q). By r ∼ R we denote that R < r  2R . By c we denote a
positive constant which will not be the same at different occurrences. Let
λ0 = 13
16
, λ1 = λ2 = 1, λ3 = λ4 = λ0,




















4 , Q 1 = U 25 , A  105, Q 0 = log20A N,
D = U 16125−100ε, Q = 100DU3, U j = Uλ j (1 j  12),
































Ad(N,q), S(N) = S1(N),
L= {l | l ∼ U }, S j = {p | p ∼ U j} (1 j  12),
Mk = {m |m ∼ U , m = p1p2 · · · pk, z p1  p2  · · · pk} (k 6),
Nk =
{
m |m ∼ U , m = p1p2 · · · pk, z p1  p2  · · · pk−1,
































1, if χ = χ0,
0, otherwise,



















p j∈S j , l∈L
l≡0 (mod d)




p j∈S j , l∈Nk,m∈L
m≡0 (mod d)










p j∈S j , l∈Nk,m∈L
m≡0 (mod d)
1.







































































m0 = M \ M0.
Then we have the Farey dissections
J0 = M ∪ m1 ∪ m2 ∪ m3, (2.1)
J0 = M0 ∪ m0 ∪ m1 ∪ m2 ∪ m3. (2.2)
Lemma 1. For α ∈ m3 , we have h(α)  U 91100−8ε .
Proof. Let α = aq + λ ∈ m3. Then we have Q 1 < q  Q . By Dirichlet’s theorem on Diophantine
approximation, for each d  D there exist coprime integers b = b(d), r = r(d) with r  8U 3d−3,
|β| = |αd4 − br | d
3
8rU3








for r > Ud . For r 
U
d , by Theorems 4.1, 4.2 and Lemma 2.8 in Vaughan [17], we get













If |β| r−1( dU )
391








If |β|  r−1( dU )
391
109 , then | br − ad
4
q |  r−1( dU )
391
109 + d4qQ , so we get |bq − ard4|  q( dU )
391
109 + d4Q 
D
500
109 U− 64109 + D3
U3




q , hence r = q(q,d4) . By the trivial bound (q,d4)  (q,d)4
and (2.4) we obtain

















Combining (2.3) and (2.5)–(2.6) we get




















Now Lemma 1 is proved. 
Lemma 2. For α ∈ m1 , we have h(α)  U 91100−8ε .











Φ(λ) + O (Q 1D log2 N). (2.7)
From Lemma 4.3 in [13] it follows that for |λ| τ
Φ(λ)  1
λU3
 U 91100−10ε. (2.8)
By (2.7) and (2.8), Lemma 2 is proved. 
Lemma 3. For α = aq + λ ∈ M, we have
f j(α) = S
∗(q,a)
ϕ(q)
Φ j(λ) + O
(
U j exp
(− log 17 U j)), 1 j  12.
Proof. We only need to prove the lemma in the case j = 1. Let
















)+ O (N 12 log2 N). (2.9)























+ O (T−1(U1 + |λ|U51) log2 N), (2.10)
where ρ = β + iγ denotes a non-trivial zero of the Dirichlet L-function L(s,χ). Let T = U
1
10
1 . Then the
above O -term is admissible. On the other hand, by the zero-free region (Satz VIII.6.2 in [11]) and the
zero-density theorem in [7] for the Dirichlet L-function L(s,χ), we have



























(− log 16 U1). (2.11)
By (2.9)–(2.11), Lemma 3 is proved. 
Lemma 4. For α = aq + λ ∈ M0 and 6 k 23, we have































Proof. By the prime number theorem in arithmetical progressions (formula (22.4) in [4]) and sum-
















p1p2 · · · pk−1 exp
(− log 13 U1)
)
. (2.12)
From (2.12), by the prime number theorem and summation by parts, Lemma 4 follows. 





















j , 6 k 23. (2.14)
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j , 6 k 23. (2.15)
By Cauchy’s inequality, (2.14) follows from (2.13) and (2.15). 








)∣∣∣∣ (qR + q(W R) 12 + W 45 q 12 + W ) logc N.
Lemma 8.We have
1 Sd(N)  1, (d,30) = 1, (2.16)
Nμ−1  I(N)  Nμ−1. (2.17)
Proof. The proof of (2.16) is similar to that of Lemma 4.1 in [12], and (2.17) is proved in Section 4
in [12].




Let K (n, p) and H(n, p) denote the numbers of the solutions of the congruences
12∑
j=1
y4j ≡ n (mod p), 1 y j < p,
12∑
j=1
y4j + y4 ≡ n (mod p), 1 y j < p, 1 y  p
respectively. 
Lemma 9. For integer n and p  7 we have K (n, p) > 0. Moreover, we have
K (n, p) = p11 + O (p10). (2.18)
Proof. By the orthogonality of additive characters, we have
pK (n, p) =
p∑
a=1






Y. Cai / Journal of Number Theory 131 (2011) 1347–1362 1355By Lemma 4.3 in Vaughan [17], for p  a we have |S∗(q,a)| 3√p + 1. So we obtain
|Ep| (p − 1)(3√p + 1)12. (2.20)
It is easy to verify that |Ep| < (p − 1)12 for p  19, hence we have K (n, p) > 0 for p  19. For
p = 7,11,13,17 it can be checked by hand that K (n, p) > 0. So we have K (n, p) > 0 for p  7.
Finally, by (2.19)–(2.20) we get (2.18). 
Lemma 10.We have
0ω(p) < p for p  7,






Proof. By some routine arguments it can be showed that both A(N,q) and Ad(N,q), (d,30) = 1 are
































, (d,30) = 1. (2.23)
By (2.22) and (2.23) we get
ω(p) = 1+ Ap(N, p)
1+ A(N, p) , p  7. (2.24)
It is easy to show that
1+ A(N, p) = 1
ϕ12(p)
H(N, p), (2.25)
1+ Ap(N, p) = p
ϕ12(p)
K (N, p). (2.26)
By (2.24)–(2.26) we obtain
ω(p) = pK (N, p)
H(N, p)
. (2.27)
From (2.27) it follows that ω(p) 0. By Lemma 9 and





N − y4, p) (2.28)
we may get ω(p) < p for p  7. Finally (2.21) follows from (2.28) and Lemma 9. 
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Suppose a(d) be an arithmetical function such that
∣∣a(d)∣∣ τ (d),






















































ε  Nμ−1−6ε, i = 1,3. (3.2)
For α ∈ m2, by some routine arrangements and Lemma 5 we have




























μ3 = μ4 = 1− λ0
2
,




μ j = 1.13 . . . .






∣∣Φ(λ)∣∣dλ  U−3 logN, (3.5)
of which (3.4) follows from Lemma 4.3 in [13], and (3.5) follows from (3.4).
Now by (2.7), (2.13), Lemma 7 and (3.5), we have
∫
m2





































































































































































































By (2.13) and (3.5) we know that the O -terms in (3.7) are  Nμ−1
logA N
.





















= I(N) + O (Nμ−1−20ε). (3.8)






































By (3.1)–(3.2), (3.6) and (3.10), Proposition 1 is proved. 











Y. Cai / Journal of Number Theory 131 (2011) 1347–1362 1359Proof. The proof of Proposition 2 is similar to that of Proposition 1 and we give it in a sketchy way.












































ε  Nμ−1−6ε, i = 1,3. (3.12)







By (2.7), Lemma 3 for j = 2 we obtain
∫
m0










































where (3.4)–(3.5) and (2.14) are used.















where Lemma 4 is used.
By (3.11)–(3.15), Proposition 2 is proved. 










































4. Proof of the Theorem
In this section f (s) and F (s) denote the classical functions in the linear sieve, and γ = 0.577 . . .
denotes Euler’s constant. Then by (2.8) and (2.9) in Section 8.2 in [5] we have













λ±(d) Rosser’s weights of order D.





















































+ O (log− 13 N)), (4.6)
which follow from (12) and (13) in [8] and (2.21).






























































where (4.1), (4.4)–(4.5) and Lemma 8 are applied.





















































































where (4.2), (4.4), (4.6), Proposition 4 and Lemma 8 are used.
By numerical integration we get
c6 < 0.4541, c7 < 0.1031, c8 < 0.0169,
ck < 0.0021 for 9 k 23,
23∑
k=6
ck < 0.6056. (4.9)
By (4.3) and (4.7)–(4.9) we have











By (2.16) with d = 1, (2.17) and (4.4), (4.10) implies the assertion of the Theorem.
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